The instanton partition function of N = 2, D = 4 SU (2) gauge theory is obtained by taking the field theory limit of the topological open string partition function, given by a Chern-Simons theory, of a CY3-fold. The CY3-fold on the open string side is obtained by geometric transition from local IP 1 × IP 1 which is used in the geometric engineering of the SU (2) theory. The partition function obtained from the Chern-Simons theory agrees with the closed topological string partition function of local IP 1 × IP 1 proposed recently by Nekrasov. We also obtain the partition functions for local F 1 and F 2 CY3-folds and show that the topological string amplitudes of all three local Hirzebruch surfaces give rise to the same field theory limit. It is shown that a generalization of the topological closed string partition function whose field theory limit is the generalization of the instanton partition function, proposed by Nekrasov, can be determined easily from the Chern-Simons theory.
Introduction
Large N dualities in the context of closed and open topological strings on different CY3-fold backgrounds have been the source of much excitement recently [1, 2] . These dualities have interesting consequences for both N = 2 and N = 1 D=4 field theories which can be geometrically engineered using the type II strings and D-branes on the CY3-folds [3, 4, 5, 6] . One example of large N duality, which will be relevant for our purpose, is the calculation of the partition function of A-model topological closed strings propagating on a CY3-fold from the partition function of topological open strings on a different CY3-fold [7, 8, 9] . The CY3-fold on which the open strings propagate is obtained from the CY3-fold which is the background of the closed topological strings by multiple conifold-like transitions on the exceptional curves [7] . The open string theory on the dual CY3-fold reduces to a Chern-Simons theory on each of the S 3 's [10] , obtained by the transition from exceptional curves, plus corrections coming from holomorphic curves with boundaries on the 3-cycles [8, 9] . The A-model topological string amplitude (the log of the topological closed string partition function) is the generating function of Gromow-Witten invariants of all genera and therefore is the answer to an enumerative problem [11] . It also has a physically interesting interpretation in the N = 2 D=4 theory obtained by compactifying type IIA strings on a CY3-fold: the topological string amplitude gives certain holomorphic corrections to the effective action of the four dimensional theory [11] . In the context of geometric engineering of gauge theories the genus zero amplitude, in a certain limit, computes both the perturbative and instanton corrections to the prepotential of the N = 2 gauge theory [3, 4] .
In this paper we show that it is possible to obtain the exact instanton partition function [14, 15, 16, 17] 1 of the N = 2 SU (2) SYM [12, 13] by taking the field theory limit of an open string partition function. The topological open strings propagate on a CY3-fold which is obtained by multiple geometric transitions from the local F m CY3-folds used in the geometric engineering of the N = 2 SU(2) SYM theory [4, 3] . The instanton partition function obtained in this way agrees exactly with the partition function proposed recently by Nekrasov [15] and calculated in [17] . Moreover, the complete open string partition function agrees with the A-model partition function of local F 0 obtained by Nekrasov from an index calculation [15] .
A more general partition function can be obtained by taking the ChernSimons coupling constant to be different for different 3-cycles as opposed to the usual identification of the Chern-Simons coupling constants with the string coupling constant, 2π k i +N i = g s . The field theory limit of this partition function agrees with the generalized instanton partition functions proposed by Nekrasov [15, 16] .
The paper is organized as follows. In section two we briefly review the geometric engineering of N = 2 SU(2) SYM theory from local F m CY3-folds. In section three, we review the geometric transitions at the heart of the open-closed large N-duality [8] . We consider the case of local IP 2 in detail, and use these results to motivate the expected transitions for local F m 3-folds. In section four, we evaluate the Chern-Simons partition functions for the local Hirzebruch surfaces. We obtain the partition function in a form that is well-suited for taking the field theory limit. In section five, we show that the field theory limit of the partition function gives an exact expression for the instanton partition function which agrees with the expression given by Nekrasov and is the same for all local F m . We also show that the full partition function, after some rearrangement of the factors, is exactly equal to the A-model expression given by Nekrasov [15] . In the appendix, we fill in some details on the geometric transition in the case of local IP 2 and give some curve counting functions which can be used to determine integer invariants of three and four instanton contribution to higher genus corrections. 2 Geometrical engineering of pure N = 2 SU (2) theory
The Calabi-Yau threefold compactification of type IIA strings provides a very powerful way of studying N = 2 D=4 quantum field theories [3, 4] . The prepotential of the D=4 theory is given by the genus zero topological string amplitude of the corresponding Calabi-Yau threefold. The gauge symmetry in the field theory arises from D2-branes wrapping collapsing curves in the CY3-fold. Thus to get a particular gauge symmetry one has to study a CY3-fold with the appropriate singularity. We will restrict ourselves to the case of SU (2) gauge symmetry and only discuss the relevant CY3-folds for this case.
Geometrical engineering of pure N = 2 theories with SU (2) gauge symmetry was studied in [3, 4] . The relevant singularity is of A 1 type, i.e. of the form C 2 /Z 2 . The local CY2-fold T * IP 1 develops this type of singularity as we take the area of the base to zero. To obtain an effective 4 dimensional theory, we need to fiber this space over an additional IP 1 . We hence choose a Hirzebruch surface F m as the compact base of the local CY3-fold. The line bundle over this base which leads to a total space of vanishing first Chern class is the canonical line bundle. For m > 2, the total space of the canonical line bundle contains additional compact 4-cycles, aside from F m . Although for this reason we will restrict attention to F 0 , F 1 and F 2 , our results hold for general m as well. For m > 2, the partition function derived in the next section allows us to obtain the invariants of those curves lying in F m .
Let us now briefly review the field theory limit. To obtain this limit, we push the string scale to infinity. By asymptotic freedom of the 4 dimensional gauge theory, the gauge coupling hence goes to zero. Since the 6 dimensional and the 4 dimensional gauge coupling are related via the area of the base IP 1 of the Hirzebruch surface, the field theory limit requires large base size. At the same time, to keep the mass of the W-bosons, given by the area of the fiber (remember that the gauge symmetry enhancement occurs when this area shrinks to zero), finite in the limit in which the string scale is taken to infinity, we must consider the small area limit of the fiber. Since the running of the gauge coupling is dominated at weak coupling by the logarithm of the W-boson mass, these two limits are related as T B ∼ − log T F , where T B and T F denote the Kähler parameters corresponding to the base and the fiber of the Hirzebruch surface. 2 In fact, by invoking the discrete symmetry of the gauge theory (left over from the anomalous U (1) R-charge), we know that the n-instanton contribution ∼ e − n g 2 is accompanied by a factor ( 1 a ) 4n [18] , where a parametrizes the VEV of the scalar field breaking the SU (2) gauge symmetry, a ∼ T F . Retaining all instanton contributions in the field theory limit hence requires scaling the Kähler parameters as
Here, Λ is the quantum scale in four dimensions, and the parameter β is introduced such that the field theory limit corresponds to β → 0. In section 5, we will be taking the field theory limit of the topological partition function g 2g−2 s F g . It turns out that we obtain finite contributions from all genera if we scale the string coupling such that q := e igs = e β .
will serve to distinguish between the contributions at different g s (the notation is chosen in accordance with [15] ).
The prepotential of the theory has both 1-loop perturbative and nonperturbative (instanton) contributions,
The k-instanton contribution to the prepotential, c k ( Λ a ) 4k , comes from worldsheet instantons wrapping the curves {kB + mF | m = 0, 1, 2, · · · } and is therefore captured by the field theory limit of the genus zero topological string amplitude [4] . From the expansion of the genus zero topological string amplitude
(here P 3 (T B , T F ) is a cubic polynomial from which one gets the classical contribution to the prepotential) it is clear that the k-instanton contribution is proportional to the regularized sum m N 0 (k,m) , where N 0 (k,m) is (up to a sign) the Euler characteristic of the moduli space of the D-brane wrapped on the curve kB + mF . In section 5, we will see that these sums can be easily obtained from the Chern-Simons theory arising in the open string geometry dual to the closed string geometry of the CY3-fold used in the geometric engineering of the SU (2) theory.
There are various ways of obtaining the closed topological string amplitudes: localization, B-model calculations, or large N duality with topological open strings. Direct localization calculations are difficult since we want to sum up the contribution of all curves kB + mF for a fixed k, B-model calculations can sum up the contribution of all curves to the k-th instanton sector, as was discussed in detail in [19] , but become more difficult for large k and for higher genus. We will therefore use the large N duality with topological open strings on a deformed CY3-fold background to determine the exact instanton partition function. This method yields all higher genus contributions to the closed string partition function simultaneously. More precisely, the all genus closed string free energy was shown in [20] to have the following integrality structure
The Chern-Simons calculation yields all Gopakumar-Vafa invariants N g Σ up to a given degree in Σ.
Closed to open transition
Open topological string theory on a local CY X is related to CS-theory in the following way [10] : a CS theory lives on every Lagrangian submanifold of X on which open strings can end. In addition, contributions from strings wrapping compact holomorphic curves in X and ending on these submanifolds are captured in the CS theory by insertions of Wilson lines: these compute the holonomy of the CS-connection around the boundaries of the holomorphic curves. Since the U (N ) gauge bundles over the Lagrangian submanifolds are required to be flat, these Wilson lines calculate invariants of the homotopy class of the curves.
Enumerating the compact holomorphic curves of a complex manifold is usually a very difficult problem. The crucial ingredient in calculating closed world-sheet instantons using Chern-Simons theory following the methods of [8] consists in deforming the local Calabi-Yau which is the target space of the closed topological string to obtain a geometry in which the compact holomorphic curves are under strict control: they are isolated cylinders and their multicovers, stretching between certain of the Lagrangian submanifolds. The basic local model for this deformation is the conifold transition, which we briefly review.
On the closed string side, one considers the bundle O(−1)⊕O(−1) → IP 1 . Taking the volume of the IP 1 to 0 yields the singular geometry of the conifold. This space is described by the equation xy = uv in C 4 . String theory on this space is not singular if we turn on the NS-NS 2-form. This setup is described by a purely imaginary complexified Kähler parameter t of the IP 1 , t = 2πiN k+N (this choice will not be a limitation on what we can compute on the closed string side, as the partition functions are holomorphic in t, i.e. can be obtained for arbitrary value of t by analytic continuation). The singular geometry allows a deformation, described by xy = uv + µ, µ ∈ C, which replaces the singular locus of the conifold by an S 3 with volume µ. Since µ is a complex structure moduli, the A-model amplitudes we are considering do not depend on it.
If we introduce an additional C valued variable z, s.t. z = xy and z = uv + µ, we can visualize the deformed geometry as a R 2 × T 2 fibration over C as follows. At each value of z, we have a real plane. One real axis is parametrized by gluing the two half-lines |x| ∈ [ |z|, ∞) and |y| ∈ [ |z|, ∞) at |x| = |y| = |z|, the other analogously for u and v. As far as these real planes are concerned, nothing special happens at z = 0 and z = µ. This is not true for the T 2 factor of the fiber. The compact T 2 is coordinatized by the phases of x, y and u, v, with the transition functions φ x = −φ y , φ u = −φ v on the overlaps at |x| = |y|, |u| = |v| respectively. We see that a cycle degenerates along a line in the real plane at the values z = 0 and z = µ. This geometry is encoded in Fig. 2 .
The S 3 of the deformed conifold is given by the T 2 fibration over the real line z = t, x = y = √ t, u = v = √ t − µ for t ∈ [0, µ] which connects the two degeneration loci. Note that the only holomorphic curves in this geometry ending on S 3 , i.e. intersecting the S 3 along a circle, have constant z value. This will be an important constraint in finding the compact holomorphic curves in related geometries with several Lagrangian 3-manifolds, to which we now turn.
Local IP

2
As a concrete example, consider O(−3) → IP 2 . Though the base contains three IP 1 s invariant under the torus action (these are given by (a : b : 0), (a : 0 : b), (0 : a : b)), they are in the same Weyl class as the hypersurface divisor, i.e. are not exceptional and hence cannot undergo a conifold transition. To obtain a manageable geometry for the CS theory, i.e. a geometry of the type referred to above, we blow up the three toric fixed points of the base, obtaining a local del Pezzo B 3 . Using standard methods, detailed in the appendix, we find three patches with which we can cover the singular limit of this geometry in which the size of the three exceptional curves is taken to 0. Each patch is described by 4 variables, x, y, u, v in the first patch, the 00 11 0 1 00 11 0 1 00 00 11 11 corresponding variables tilded, primed in the second and third patch, satisfying one constraint equation, xy = uv in the first patch, the tilded, primed version of this equation in the second, third patch. The transition functions between these patches are given in the appendix. The three exceptional divisors we have obtained in this way can undergo a conifold transition. We perform the following deformations
The resulting geometry is depicted in Fig. 3 ).
As in the conifold case, we now introduce a new variable z such that z = xy =xỹ = x ′ y ′ + µ 1 . For this system of equations to be consistent, we must also deform the transition functions between the patches. This is done in the appendix. An important feature of this construction is that the relation between the phases of the complex coordinates in the overlap of the different patches, as given by the transition functions, is encoded in the relative slopes of the lines L 0 , L 1 , L 2 in Fig. 3 . As the two cycles of the T 2 fiber are given by the phases of these coordinates, the slopes of these lines allow us to read off which cycle of the T 2 is degenerating in the real planes at z = 0, z = µ 1 , and z = µ 2 .
Lines in the complex z-plane connecting the points z = 0, z = µ 1 , z = µ 2 have a T 2 fibered over them with a cycle degenerating at either end. Each of these T 2 fibrations over an interval form a closed 3-manifold, which has a convenient description, with regard to the CS evaluation [21, 8] , in terms of a Heegaard splitting [22] . This splitting allows us to describe the 3-manifolds as obtained by gluing two solid tori together along their surface using an SL(2, Z) map (SL(2, Z) encompasses all self-diffeomorphisms of a torus up to homotopy). To this end, we divide the interval I connecting the two points in the z-plane into two intervals I 1 , I 2 . I 1 and I 2 coordinatize the depth direction of the two solid tori. The torus worth of points at each depth i ∈ I 1 or i ∈ I 2 is identified with the fiber over the corresponding point of the interval I. The two endpoints of I, over which the T 2 fiber degenerates, correspond to the depth 0 points ∂I 1 ∩ ∂I or ∂I 2 ∩ ∂I of the solid tori. To obtain a correct realization of the T 2 fibration over I, we must in the final step glue the two solid tori together such that the appropriate cycles are identified. Let us introduce a basis for the second homology of the three T 2 s in the game, A and B for the T 2 fiber over I, such that the cycles degenerating at the endpoints of I are A and aA+ bB, A i and B i , i = 1, 2 for the tori comprising the surfaces of the two solid tori, such that A 1 and A 2 are the cycles which become trivial when we fill in the tori. Hence, we need to identify A with A 1 and aA + bB with A 2 . This fixes two of the entries of the SL(2, Z) gluing diffeomorphism between the surfaces of the two solid tori. Next, we would like to fix the B i cycles to be the S 1 s along which the two compact holomorphic annuli intersect the 3-manifold. Note that since the A i cycles of the fiber are degenerate along the holomorphic curves, multiples of these can be added to the B i at will. Hence, the above identifications fix the SL(2, Z) gluing diffeomorphism only up to this ambiguity,
where n 1 and n 2 are arbitrary integers. In the CS framework, the cycles B i + n i A i are wrapped by Wilson loops. The integer ambiguity (n 1 , n 2 ) in the choice of these matrices corresponds to a framing ambiguity in the CS picture which we will fix by hand.
It is not hard to show that the three 3-manifolds arising in our geometry are all S 3 s. 3 After the deformation, we hence arrive at an S 3 situated at each vertex of the original web diagram. This geometry contains compact holomorphic curves. These curves end on the S 3 s. The same considerations as in the conifold case show that any such curve must therefore have constant z coordinate. By choosing the complex deformation parameters appropriately, we can ensure that the S 3 s pairwise intersect only in one point in the z-plane (recall that z is a complex coordinate), and that these intersection points all coincide with values of z at which some cycle of the T 2 fibration degenerates (in other words, the finite intervals which represent the S 3 s in the z-plane only touch at their endpoints). Arguing patchwise, we can easily see that the only compact holomorphic curves in the geometry thus obtained (annuli and their multicovers) have axes along the line in the R 2 plane along which a cycle on the T 2 degenerates: in the first patch, say, at z = 0, we must satisfy xy = 0, uv = −µ 1 and furthermore, we want to intersect the S 3 3 This is done by an analysis of the first fundamental group of the 3-manifold obtained by gluing the two solid tori [22] . Let us briefly sketch how information on the 3-manifold M can be obtained from considering π1(M ). By the Seifert-Van Kampen theorem, this group is generated by the disjoint union of the generators of the two tori modulo the relations imposed by the gluing diffeomorphism. In the notation above, these two generators are B1 and B2 (or more precisely the images of these cycles under the embedding of the surface tori into the solid tori). By equation (8) and the triviality of the embedded cycles A1 and A2, B b 1 = 1. Hence, if |b| = 0, 1, π1(M ) contains a torsion element. In particular, M cannot be S 3 . A more careful analysis [22] shows that the only 3-manifolds one can obtain via the construction described above are S 3 , S 2 × S 1 , and Lens spaces L b .
at x =ȳ, u = −v in a circle. It is not hard to show that this is only possible for
We must establish the relation between the open and closed geometry parameters: the complex Kähler parameters t i of the blown down exceptional IP 1 s of the closed string geometry are the 't Hooft couplings on the open string side,
. In addition, we have the Kähler parameters r ′ i of the curves in the base that do not partake in the conifold transition. On the open string, the corresponding parameters classically should be the areas of the world-sheet instanton annuli r i stretched between the S 3 s (the geometric data on the open string side also includes the volumes of the S 3 s, which are however complex structure moduli and therefore not relevant for the A-model amplitudes). To relate the CS-partition function we obtain on the geometry of Fig. 3 to the closed string partition function of local IP 2 , we must consider the limit t i → ∞ (again, we are deforming Kähler parameters; the reason we can do this without impunity is that the closed string partition functions are holomorphic in these parameters). For this limit to exist, we will see that the Kähler parameters r ′ i of the non-exceptional curves of the closed string geometry must receive contributions, in the mapping from open to closed string parameters, from the 't Hooft couplings in addition to the expected contribution from the area r i of the annuli. It would be interesting to see this more directly, e.g., as suggested in [8] , by utilizing the GLσM approach employed in [23] to prove the large N-duality in the conifold case.
From this example, the path we would like to follow for a local CY on any toric base is clear: we would like to blow up the vertices of the toric fan (these correspond to fixed points of the torus action), then perform a conifold transition on each of the exceptional curves so as to obtain a 3-manifold at each such vertex. 4 This gives rise to Feynman-like rules for computing the closed string partition function, as pointed out in [24] .
Hirzebruch surfaces
The geometries that will be relevant for the field theory application in this paper are the canonical line bundles over the first three Hirzebruch surfaces F m 5 . These surfaces are IP 1 bundles over a IP 1 base. F 0 is the trivial bundle
The toric fans and web diagrams for these local CYs are depicted in Fig. 4 . The second homology H 2 (F m , Z) of the Hirzebruch surfaces is spanned by the cycles B and F , represented by the base and fiber. The intersection numbers of these cycles are
To obtain an open string geometry, we blow up the vertices of these diagrams and perform the conifold transition on the exceptional divisors thus obtained. 6 This is illustrated diagrammatically for the case of F 0 in Fig. 5 .
Note that in blowing up local F 2 , the fan of the geometry is no longer convex. In the web diagram, this manifests itself in terms of crossing lines. The local CY hence contains additional 4-cycles. It would be interesting to check explicitly whether this affects the deformation argument. The fact that we obtain the correct invariants using the open geometry we naively obtain from such a deformation suggests that this is not so.
bution of curves in Fm to the total partition function. 6 Note that the base of F1 is an exceptional curve. In fact, F1 and B1, i.e. IP 2 blown up at one point, are isomorphic. Hence, to calculate the partition function of F1, we could perform the conifold transition on this exceptional curve and only two additional ones obtained by blowing up the two vertices at which F and B + F intersect in Fig. 4 . This yields exactly the geometry of local B3 that we considered in the case of local IP 2 . To regain F1, we now would send two of the three Kähler paramters ti of the exceptional curves to infinity [8] . We can even obtain the partition function for F2 from this geometry, by sending the appropriate combination of Kähler parameters to infinity. 4 Chern-Simons partition function for local Hirzebruch surfaces
In this section, we compute the CS partition functions Z CS , with the appropriate Wilson loop insertions, based on the geometries obtained from deforming the local Hirzebruch surfaces F m , m = 0, 1, 2 as outlined in the previous section. We will follow closely the discussion of [8] where the case of local F 0 was discussed in detail. According to the large N duality conjecture, these computations should reproduce the closed topological string partition functions (4) for the respective local CY3-folds. We will use this equality in the next section to determine the Gopakumar-Vafa invariants of the closed geometries as well as to study the field theory limit of the compactification of type IIA on them.
We will start by discussing the case F 0 which was studied in detail in [8] . The open string geometry is depicted in Fig. 5 . The Chern-Simons partition function for the full geometry is given by [8] 
Here, log O(U, V ; r) is the correction to the Chern-Simons action coming from annuli of length r with boundary on two S 3 's [8] (note that we have taken r 1 = r 3 = r B and r 2 = r 4 = r F in equation (10) in accordance with the F 0 geometry),
U i j computes the holonomy of the CS-connection A j along the boundary γ i of a compact holomorphic annulus ending on the j-th S 3 (in the cases we consider, there will be two curves γ 1 and γ 2 per S 3 ),
The last equality in equation (11) follows from an application of the Frobenius formula. The sum is over all representations of the special unitary group, l R counts the number of boxes in the Young tableaux of the representation R. This identity allows us to write the partition function (10) as a simple sum of products of partition functions of the individual CS-theories,
W R i R j are expectation values in the individual CS theories with 't Hooft
In the following, we will reserve the notation W R i R j for the special constellation of curves γ i that occurs in the case of F 0 in each of the four S 3 s, at zero framing (i.e. n 1 = n 2 = 0, in the notation of equation (8)): the γ i wrap orthogonal cycles, hence form a Hopf link. The Hopf link invariants W R i R j can be easily calculated using the results of [25, 26] .
As explained in the previous section, we need to consider the limit λ i → ∞ in order to recover the partition function for F 0 , and later for F 1 and F 2 . The leading power of λ in [8] . Hence, Z CS naively diverges in this limit. We remedy this by scaling r i together with λ i , such that the appropriate linear combination of these parameters is finite in the λ i → ∞ limit. We interpret these linear combinations as the renormalized Kähler parameters of the closed string geometry. They are given by
The CS partition function for local F 0 now becomes
where, as before, Q B = e −T B , Q F = e −T F , and we have defined
We can simplify this expression and perform two of the sums over representations explicitly. To this end, we introduce the quantity
In terms of K R 1 R 2 (Q), the CS partition function in equation (17) becomes
We will denote the trivial representation by a point. From our discussion in the previous section, we see that the function K ·· yields the partition function of the closed string on the local CY T * (IP 1 ) × C. Below, based on the explicit evaluation of this case in [8] , we will make an ansatz for the form of K R 1 R 2 (Q) in the case of arbitrary R 1 and R 2 which will drastically simplify the computation of this expression. To evaluate the CS partition function for local F 1 and local F 2 , we need similar expressions for the diagrams to the right of the dashed lines in Fig. 7 , as depicted in Fig. 8 . If we denote these contributions by K (m) R 1 R 2 (Q), we can express the partition function for local F (m) as where the factor of Q ml R 2 B appears since the rational curve associated with the two parallel internal lines of the web diagram are B and B + mF for local F m (see Fig. 4 ).
The open string geometry which can be used to determine K Fig. 9 and is given by
where Q = e −r . The m dependent factors stem from a choice of framing n 1 = −n 2 = m, n 1 = −n 2 = −m at the two vertices respectively. 7 This choice was made by hand by matching the lowest Gopakumar-Vafa invariants we obtain with those calculated in the literature using localization methods. It would clearly be desirable to justify this choice intrinsically. 7 In the notation of [8] , this corresponds to the choice of gluing matrices T Comparing to equation (19), we obtain
The CS partition function in equation (20) now becomes
In order to evaluate K R 1 R 2 (Q), we need to calculate the leading order contribution in λ to W R 1 R 2 (λ, q). We include the necessary formulae for completeness. For a derivation of the following relations, we refer the reader to the cited references and the recent review article [27] .
The leading order contribution to W R 1 R 2 (λ, q) is given by [25, 26, 8 ]
Here, µ 1 and µ 2 are the Young tableaux associated to the representations R 1 and R 2 . S µ is the polynomial S µ = det M µ , where the r × r matrix M µ , r being the number of columns in µ, is given by M (ij) µ = (a µ ∨ i +j−i ). µ ∨ denotes the transposed Young tableaux to µ, i.e. with columns and rows interchanged. The a i are the coefficients of t i in the expansion of E µ , given by
where [x] = q x/2 − q −x/2 , d denotes the number of rows in the tableau µ, µ i denotes the number of boxes in the i-th row of µ, and κ R is given by
In the next section, we will take the field theory limit to get the instanton partition function. For this reason, it is important to know how W R (q) behaves in the limit q → 1. Since [x] ≈ (q − 1)x in this limit, the first product on the RHS of equation (27) is finite in this limit, but the second diverges as (q − 1) −l R . It follows that
where L R (q) is finite at q = 1 and given by
If both R 1 and R 2 are the trivial representation, then, as pointed out above, K R 1 R 2 computes the closed string partition function for the CY3-fold T * (IP 1 ) × C. The partition function for this geometry was obtained in [8] and has the form
Notice that K ·· (Q) diverges in the field theory limit. For non-trivial R 1 , R 2 , we can parametrize K R 1 R 2 in the form
It is natural to expect that
even for non-trivial representations (the intuition behind this ansatz is that the f (q n ) n n-dependence stems from having contributions from a single isolated curve and its multicovers, which is a generic feature of the geometries to which the K (m) R 1 R 2 contribute). We have explicitly calculated the first few terms of K R 1 R 2 for some non-trivial representations and found the results to be in agreement with this ansatz. Using this ansatz, calculating the sum over all representations in K R 1 R 2 is reduced to determining a single term in the series, the coefficient of Q. This can easily be determined to be
The above expression for f R 1 R 2 (q) can be simplified to the following form,
where
The following properties of the function f R 1 R 2 (q), which are easily read off from equations (35) and (36), will be useful later,
Using the above form of f R 1 R 2 (q), we get
and thus, the partition function is given by
Notice that, as a consequence of having performed two of the sums over representations in Z (m)
CS explicitly, the above expression allows us to compute, at every order in Q B , the dependence on Q F to all orders. At given n, we thus obtain the Gopakumar-Vafa invariants N g (n,m) for all m.
Counting curves and instantons
We now want to use the results obtained in the previous section to compute the Gopakumar-Vafa invariants of the local Hirzebruch surfaces and to study the field theory limit of type IIA string theory compactified on these spaces.
The closed string partition function for a CY 3-fold X, equation (4), can be put in the following form
where q = e igs and ω is the quantum corrected Kähler form on X. The integer invariants N g Σ are essentially Gopakumar-Vafa invariants, related to the invariants N g Σ introduced in [20] by
is spanned by the homology classes B and F of the base IP 1 and the fiber IP 1 respectively. The exponential in the partition function hence takes the form e −n(kT B +lT F ) = Q nk B Q nl F . The generating functions of the topological string amplitudes defined above can then be written as
is the generating function for the genus g invariants of curves kB + * F . In the field theory limit, the first term in equation (41), coming from multicovers of F , gives the perturbative contribution to the prepotential as was shown in [4] . We will see that computations in Chern-Simons theory on the open string side determine the generating functions of invariants f g (x) in a straightforward way.
In subsection 5.3, we will take the field theory limit of the CS partition function directly, i.e. without the intermediate step of expressing it in terms of A-model quantities. We will see that, after a slight manipulation, it is the same as the expression given by Nekrasov [15] .
Curves
To extract the generating functions (42) for the Gopakumar-Vafa invariants from the CS partition functions (39), we need to equate the appropriate coefficients of Q B in Z closed = e F closed and Z CS . To this end, we introduce the functions G k and Z k , such that
and
Then
We have used the fact that N g (0,m) ∼ δ g,0 δ m,1 , which was already pointed out in [4] . 8 For Z k , specializing to F 0 (the cases F 1 and F 2 can be treated analogously; the results are quoted in the appendix), we obtain from equation (39)
(47)
8 [4] only considered the case g = 0. The δg,0 reflects the fact that a higher genus surface cannot be mapped holomorphically into a sphere.
Thus Z closed = Z CS implies that N 0 (0,1) = 2 (consistent with [4] ) and
The functions Z k (q, Q F ) are easy to determine. From the above relations, we find that (for k = 1, 2, 3, 4)
where the functions P (k)
g (x) are finite at x = 1. This behavior will become important when considering the field theory limit in the next subsection. 
This is exactly what we obtain from Z 1 (q, Q F ).
k=2: In this case, by calculating G 2 (q, Q F ), one can give an exact expression for all invariants,
k=3:
where H
g (x) is such that
3 (x) := 156(
4 (x) := 16(
5 (x) := 276(
0 (x) = 10(
1 (x) = 300(x 6 + x −6 ) + 5392(
2 (x) = 116(
3 (x) = 15(x 10 + x −10 ) + 4560(x 9 + x −9 ) + 146856(
4 (x) = 1560(x 11 + x −11 ) + 120984(x 10 + x −10 ) + 2793760(
H (4) 5 (x) = 276(
+2547127635094 .
Instantons
In the last subsection, we saw that the generating functions for GopakumarVafa invariants counting curves kB + lF with fixed k can conveniently be extracted from the open string partition function. As pointed out above, the world-sheet instantons wrapping these curves contribute to the k gauge instanton correction to the prepotential of the N = 2 theory.
From the expansion of the relevant part of the topological string amplitude
and recalling the field theory limit (1) as β → 0, we see that the divergence of f The k-instanton contribution is thus given by F k ,
The coefficient of −2 in the expansion of c k ( , a) is the k-instanton contribution to the prepotential. The coefficient of 0 is the k-instanton contribution to the coefficient of the TrR 2 + term in the effective action arising when the field theory is coupled to gravity. For the N = 2 D=4 SU(2) theory this has been confirmed by comparing the results from the topologically twisted theory and matrix model calculations [19, 28] . The field theory interpretation of the coefficients of 2g−2 (g > 1) in the expansion of c k ( , a) are as yet unclear (recall that these stem from the higher genus topological string amplitudes; in the low energy limit of type IIA, they describe the coupling of the graviphoton to R 2 + ).
From the results of the previous subsection, we can easily calculate the first few instanton contributions.
Since f (1) g (x) = δ g,0
2
(1−x) 2 , we get
For c 2 ( , a), we extract P (2)
Thus we get 
For c 4 ( , a) we have, from equation (58), the following expansion up to g = 10, 
Field theory limit of Chern-Simons partition function
In the last subsection, we expressed the gauge instanton contributions in terms of curve counting formulas (equation (60)), i.e. with the interpretation of the field theory as the low energy limit of type IIA in mind. We can equally well express the complete instanton partition function by taking the field theory limit of Z (m) (4) directly, i.e. without the intermediate transcription to closed string quantities. In this spirit, it would be interesting to formulate a direct relationship between the three dimensional CS and the four dimensional N = 2 theory.
Unlike the previous subsection, we will here consider all three cases F m , m = 1, 2, 3 simultaneously. It will turn out that all m dependence cancels in the field theory limit, as expected, provided we introduce a sign factor when relating the field theory to the geometric parameters, in the following way
It would be interesting to justify the factor of (−1) m intrinsically.
Using these relations in equations (32) and (29),
we obtain in the limit β → 0
where we have used the fact that
where the m-dependence cancels as promised. Hence, from equation (66) it follows that all local F m 3-folds yield the same results in the field theory limit for all genus.
Relation with Nekrasov's conjecture
The above instanton partition function agrees with the partition function proposed by Nekrasov [15] and recently calculated in [17] . To see this, recall that Z (m)
.
We have used κ R T = −κ R . The term K ·· (Q) 2 gives the 1-loop contribution to the prepotential in the field theory limit. We have divided the Chern-Simons partition function by K ·· (Q) 2 so that we only get the instanton contribution in the field theory limit. Now using the definition of W R (q) given in equation (27) and the following identity
Note that care is required in treating the infinite product in order to obtain the factor 2 −2l R correctly (e.g. by recourse to the RHS of equation (71)).
One can also check that the following identity holds, though we have not yet been able to derive it algebraically,
Again, the infinite product is to be interpreted along the lines of equation (71). We have set Q F = e −2aβ and a 12 = −a 21 = 2a. Putting this all together, we obtain
For m = 0 (local F 0 ) this yields
This is exactly the form of the partition function derived by Nekrasov from an index calculation in [15] 9 . In the field theory limit Q B = ( βΛ 2 ) 4 with β → 0, we get
The fact that the expression is equal to the one given in equation (69) follows from the β → 0 limit of the identities given in equation (71) and equation (73).
The above partition function is a limit ( 1 = 2 = ) of a more general partition function. On the CS side (open string side) there exists a natural way of defining a more general open string partition function by taking the coupling constant associated with the CS-theory on each 3-cycle to be different. This more general partition function is given by
For q 1 = q 2 we get back the original partition function. Again we make an ansatz
9 A generalization of this to SU (N ) was also given by Nekrasov [15] Z SU (N) (ϕ, β) =
Equating the coefficients of Q F in equations (79) and (80) then yields
The above expression can be simplified to the following form
Then this more general partition function is given by
In the field theory limit we get
(1)
where we have used The monomials invariant under the four U (1)s encoded in these charges are generated by the following set In each patch, the invariant monomials are generated by the following set Patch I:
→ xy = uv (87)
The transition functions in the overlap of the patches can easily be read off from these equations:
Note that the relation of the phases of the coordinates in different patches can be read off from the web diagram. We now perform the following deformations on the constraint equations
To enforce the relation z = xy =xỹ = x ′ y ′ + µ 1 , we must also deform the transition functions,
These deformations maintain the phase relations of the coordinates in the three patches.
local F 0
Here we list functions H (n)
g (x) for n = 3, 4 and g = 0, . . . , 15.
H
6 (x) = 20(
7 (x) = 428(
8 (x) = 24(
9 (x) = 612(
10 (x) = 28(
11 (x) = 828(
12 (x) = 32(x 9 + x −9 ) + 13576(
13 (x) = 1076(x 9 + x −9 ) + 163256(
14 (x) = 36(x 10 + x −10 ) + 19804(x 9 + x −9 ) + 1608728(
15 (x) = 1356(x 10 + x −10 ) + 264400(x 9 + x −9 ) + 13772840(
7 (x) = 4266( +411350743539242( +456636168407024952(x 10 + x −10 ) + 1532000433014962822( 
+286109526001880184530336 , g (x) for n = 3 and g = 0, · · · 15. The invariants of local F 0 and local F 1 are related to each other for curves with even wrapping number on the base, as can be seen easily by using the affine E 8 Weyl symmetry of local 1 2 K3. Thus the n = 4 case for local F 1 can be derived from the functions H (4) g (x) defined in the previous subsection.
H (3) 6 (x) = 348(x 11/2 + x −11/2 ) + 14800(x 9/2 + x −9/2 ) 
Our computations of F 2 invariants using the large N duality are in exact agreement with this formula.
